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Understand nuclear systems from a microscopic point of view, in terms of the interac(ons between individual 
nucleons and external probes

Electroweak current operators: jEW =
AX

i=1

ji +
AX

i<j=1

jij +
AX

i<j<k=1

jijk + ....

Two and many-body interactions: H =
AX

i=1

p2
i

2mi
+

AX

i<j=1

vij +
AX

i<j<k=1

Vijk + .....

Nucleon-nucleon (NN) and 3N scattering data: “thousands” of experimental data available

Spectra, properties, and transition of nuclei: BE, radii, magnetic moments, beta decays rates, weak/
radiative captures, electroweak form factors, etc,…

Nucleonic matter equation of state: for ex. EOS neutron matter

Microscopic calculations of nuclear systems

• WHAT WE NEED!

Figure by Diego Lonardoni, LANL & MSU

Accurate many-body method:

• OUR GOAL



MP et al. PRC 91, 024003 (2015); PRC 94, 054007 (2016)

• Local NN poten(als including N2LO Δ-contribu(ons and N3LO contacts have ben also devised and expressed as 
a sum of 16 spin-isospin operators

vij = v
EM
ij + v

L
ij + v

S
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16X
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v
p(rij)O

p
ij
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• Contact component parametrized by 26 LECs:  

- the functional form taken as                                       
with                                  a (b) models

- models a (b) cutoff~500 MeV (600 MeV) in p-space
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(c) (d) (e) (f) (g) (h) (i)
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Local chiral NN Hamiltonian with 𝝙’s 
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1) Fit to:
w/o 3N with 3N

Model cD cE E0(
3
H) E0(

3
He) E0(

4
He)

2and E0(
3
He) E0(

4
He)

Ia 3.666 –1.638 –7.825 –7.083 –25.15 1.085 –7.728 –28.31

Ib –2.061 –0.982 –7.606 –6.878 –23.99 1.284 –7.730 –28.31

IIa 1.278 –1.029 –7.956 –7.206 –25.80 0.993 –7.723 –28.17

IIb –4.480 –0.412 –7.874 –7.126 –25.31 1.073 –7.720 –28.17

2and =(0.645± 0.010) fm
‣              

‣              

c1 c3 c4 cD cE

w/o 3N with 3N

Model cD cE E0(
3
H) E0(

3
He) E0(

4
He)

2and E0(
3
He) E0(

4
He)

Ia* –0.635(255) –0.09(8) –7.825 –7.083 –25.15 1.085 –7.728 –28.31

Ib* –4.705(285) 0.550(150) –7.606 –6.878 –23.99 1.284 –7.730 –28.31

IIa* –0.610(280) –0.350(100) –7.956 –7.206 –25.80 0.993 –7.723 –28.17

IIb* –5.250(310) 0.05(180) –7.874 –7.126 –25.31 1.073 –7.720 –28.17

2) Fit to: ‣              

‣ GT m.e. in 3H 𝜷-decay          

Local chiral NNN Hamiltonian with 𝝙’s 

MP et al. PRL 120, 052503 (2018)
Ground state energies are ∼5-6% away from exp data

z0 =
gA
2

m2
⇡

f2
⇡

1

(m⇡ RS)
3


� m⇡

4 gA ⇤�
cD +

m⇡

3
(c3 + 2 c4) +

m⇡

6m

�

5

of the Entem and Machleidt (momentum-space) 2N in-
teractions at N3LO [38, 39] and the Epelbaum et al. 3N
interactions at LO [21] (i.e., the TPE piece proportional
to c1, c3, and c4, and the cD and cE contact terms). In
that work, �-isobar degrees of freedom were included im-
plicitly, as reflected by the much larger values (in mag-
nitude) considered for the LECs c3 and c4. We found
in Ref. [12] the N3LO(OPE) contribution to be 0.0082
(0.00043) or 0.0579 (0.0652) with the momentum-space
cuto↵ ⇤=500 (600) MeV depending on which c3-c4 set
was used, either the values reported by Entem and Mach-
leidt [39] in the first case or the recent determinations
by Hoferichter and collaborators [40] in the second case.
Here, we obtain values in the range 0.073–0.104, the lower
(upper) limit corresponding to models a (b). As we noted
in Ref. [12], there are cancellations between the individ-
ual terms proportional to c3 and c4, which make their
sum very sensitive to the actual values adopted for these
LECs. Nevertheless, it would appear that the present
results are close to those obtained in that work with the
c3 and c4 values from Ref. [40].

The magnitude (and sign) of the N3LO(CT) contribu-
tion results from the product of the matrix element

X

ij

h3He| e�z2
ij (⌧i ⇥ ⌧j)+ (�i ⇥ �j)z |

3Hi < 0 , (3.1)

and magnitude and sign of the LEC z0, which is propor-
tional to

z0 / � m⇡

4 gA ⇤�
cD +

m⇡

3
(c3 + 2 c4) +

m⇡

6m

' 0.1105� 0.0271 cD . (3.2)

For the cD values corresponding to the interactions
NV2+3-Ia/b and NV2+3-IIa/b, we find that the
N3LO(CT) contribution is negative overall. Because of
the cancellation in z0 between the constant term and the
term proportional to cD in Eq. (3.2), its magnitude is
accidentally very small for model Ia.

Ia Ib IIa IIb
CT1 �0.0036 �0.0487 �0.0249 �0.0668
CT2 �0.0037 �0.0493 �0.0252 �0.0677
CT3 �0.0036 �0.0487 �0.0249 �0.0669
CT4 �0.0036 �0.0482 �0.0246 �0.0660

TABLE II. Contributions of four di↵erent parameterizations
of the contact axial current to the GT matrix element in tri-
tium. The first row is the same as listed in Table I.

The N3LO(CT) contribution is only very marginally
a↵ected by the operator structure adopted for the contact
axial current, more specifically

jN3LO

5,+ (CT1) = z0
e�z2

ij

⇡3/2
(⌧i ⇥ ⌧j)+ (�i ⇥ �j) , (3.3)

jN3LO

5,+ (CT2) = 4 z0
e�z2

ij

⇡3/2
(�i ⌧i,+ + �j ⌧j,+) , (3.4)

jN3LO

5,+ (CT3) = 2 z0
e�z2

ij

⇡3/2
(�i � �j) (⌧i,+ � ⌧j,+) , (3.5)

jN3LO

5,+ (CT4) = �4 z0
e�z2

ij

⇡3/2
(�i ⌧j,+ + �j ⌧i,+) , (3.6)

where the isospin-raising operators are defined as in
Eq. (2.23). These structures, which are Fierz-equivalent
in the absence of the cuto↵, are no longer so when the
latter is included. The contributions corresponding to
the set above are reported in Table II.

IV. REFITTING cD WITH LOCAL CHIRAL
INTERACTIONS

In this section, we determine the LECs cD and cE in
the three-nucleon contact interaction, as parametrized in
Ref. [23], by fitting the experimental trinucleon binding
energies and central value of the 3H GT matrix element.
We designate these new LECs as c

⇤
D and c

⇤
E . The fit is

carried out as in Ref. [12, 41]. We span a broad range
of values in cD, and, in correspondence to each cD in
this range, determine cE so as to reproduce the binding
energy of either 3H or 3He. The resulting trajectories
are nearly indistinguishable [12, 41]. Then, for each set
of (cD, cE), the triton and 3He wave functions are cal-
culated and the GT matrix element, denoted as GTth,
is obtained, by including in the axial current contribu-
tions up to N3LO. The ratio GTth/GTexp for the case of
the NV2+3-Ia interactions is shown in Fig. 2 (left panel),
where the band reflects the uncertainty resulting from the
experimental error on GTexp, which, conservatively, has
been doubled. The LECs (c⇤D, c

⇤
E) that reproduce GTexp

(its central value) and the trinucleon binding energies
are reported in Table III, along with the axial current
contributions at LO, N2LO, and N3LO. In Table IV, we
provide the range of (c⇤D, c

⇤
E) values compatible with the

experimental error on GTexp. The 3N interactions cor-
responding to the new set of (c⇤D, c

⇤
E) are denoted with ⇤

hereafter.

Ia⇤ Ib⇤ IIa⇤ IIb⇤

c⇤D �0.635 �4.71 �0.61 �5.25
c⇤E �0.09 0.55 �0.35 0.05

LO 0.9272 0.9247 0.9261 0.9263
N2LO 0.0345 0.0517 0.0345 0.0515
N3LO(OPE) 0.0327 0.0454 0.0330 0.0465
N3LO(CT) �0.0435 �0.0715 �0.0432 �0.0737

TABLE III. The values c⇤D and c⇤E obtained by fitting the
experimental trinucleon binding energies and central value of
the 3H GT matrix element with chiral axial currents up to
N3LO and HH wave functions corresponding to the NV2+3-
Ia⇤/b⇤ and NV2+3-IIa⇤/b⇤ chiral Hamiltonians. Also re-
ported are the contributions at LO, N2LO, N3LO(OPE), and
N3LO(CT).

A.Baroni et al. PRC 98, 044003 (2018)

GT m.e. in 3H 𝜷-decay are ∼3-4% away from exp data

Vijk = V 2⇡
ijk + V CT

ijk
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•  Inclusion of 3N forces at N2LO:



• Energy ra*o between QMC results and 
experimental data (GFMC for NV2+3-Ia and 
AFDMC for GT+E𝜏-1.0) 

• For NV2+3-Ia difference with experimental 
data less than 0.2 MeV/A, expected to be 
covered by trunca*on error es*mate 

• For GT+E𝜏-1.0 good agreement with 
experimental data within the theore*cal 
uncertainty es*ma*on.  

1.4

1.6

1.8

2.0

2.2

2.4

2.6

2.8

3.0

 3H 

 3He

 4He

 6He

 6Li

 7Li

 8He

 8Li

 8Be

 9Li

 9Be

10Be 10B 11B 12C 

16O 

r ch
 (f

m
)

NV2+3-Ia
Exp     
GT+Eo-1.0

• Charge radii with respect to experimental 
data (GFMC for NV2+3-Ia and AFDMC for 
GT+E𝜏-1.0) 

• Overall agreement with the experimental 
data for both models 

•  For NV2+3-Ia, 9Li charge radius 
underpredicted, 12C slightly overes*mated 

• For GT+E𝜏-1.0, 6Li charge radius 
underpredicted (issue with AFDMC w.f.)

S.Gandolfi, D.Lonardoni, A.Lovato, MP  Front. Phys. 8, 117 (2020)

Nuclear structure: spectra and radii of light-nuclei
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Calcula(ons using NV2+3-Ia are obtained with GFMC

Calcula(ons using GT+E𝜏-1.0 are obtained with AFDMC

Nuclear structure: charge form factors
S.Gandolfi, D.Lonardoni, A.Lovato, MP  Front. Phys. 8, 117 (2020)



⇢�⌧ (k) =

Z
dr01 dr1 dr2 · · · drA  

†
JMJ

(r01, r2, . . . , rA) e
�ik·(r1�r01) P�⌧ (1) JMJ (r1, r2, . . . , rA)

• The probability of finding a nucleon with momentum k and spin-isospin projec(on in a given nuclear state 

N�⌧ =

Z
dk

(2⇡)3
⇢�⌧ (k)The total normaliza(on is:

MP, S.Pastore, R.Wiringa in preparation 

Single-nucleon momentum distribution
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12) PST (12) JMJ (r1, r2, r3, . . . , rA)

• The probability of finding two nucleons in a nucleus with rela(ve momentum q and total-center-of-mass 
momentum Q in a spin-isospin projec(on

NST =

Z
dq

(2⇡)3
dQ

(2⇡)3
⇢ST (q,Q)The total normaliza(on is:

Working on the connection with Short Time Approximation (STA) to account for two-body 
currents (S.Pastore et al.)

Nucleon-pair momentum distribution

MP, S.Pastore, R.Wiringa in preparation np pairs
pp pairs



• Benchmark calcula*ons between BHF, FHNC/
SOC, AFDMC(CP and UC)  

• AFDMC-CP tends to overes*mate the E/A 
compared to the AFDMC-UC: ~2-3MeV at  
and ~7-8MeV  

• AFDMC-UC, BHF, FHNC/SOC are very close to 
each other up to   (~1 MeV) 

• FHNC/SOC is below AFDMC-UC and BHF at 
higher density; due to limited three-body terms 
into the cluster expansion

ρ = ρ0
ρ = 2ρ0

ρ = ρ0
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FIG. 7. Same as Fig. 6 for the NV2-Ia (upper left panel), NV2-Ib (upper right panel), NV2-IIa (lower left panel), and NV2-IIb
(lower right panel) potentials.

taken from Ref. [67] are represented by the purple trian-
gles labeled as BBG3. As shown in Refs. [92, 93] and as
stressed in Section IIIA of the present work, comparing
the BBG3 and the BHF predictions numerically demon-
strates the fast convergence of the hole-line expansion
when the continuous choice for the auxiliary single par-
ticle potential U(k) of Eq. 9 is used. Finally, in the same
figure, we also plot the self-consistent Green’s function
(SCGF) results reported in Ref. [67].

The di↵erences among the many-body methods dis-
cussed above are reflected in the contribution of the spin-
orbit terms to the energy per particle. AFDMC-CP cal-
culations clearly underestimate hvLSi, as it turns out to
be much smaller than 1 MeV per particle for both the
AV80 and AV18 potentials – see Table I. The uncon-
strained propagation enhances the spin-orbit contribu-
tion. Nevertheless, the AFDMC-UC values remain well
below the BHF and FHNC/SOC results. The Hellman-
Feynman procedure brings about sizable uncertainties in
the AFDMC-UC estimates, of about 1.2 MeV per par-
ticle for all the potentials that we consider. Applying

the error propagation formula to Eq. (48), the individ-
ual errors on E±✏ are enhanced by a factor ⇠ 1/✏, and
we take ✏ = 0.1. In addition, a stronger spin-orbit term,
even by only 10%, brings about significantly larger sta-
tistical errors in the unconstrained propagation. On the
other hand, the AFDMC-CP estimates for hvLSi do not
su↵er from these additional statistical fluctuations. To
control this AFDMC-UC error, when computing hvLSi
we accumulate more statistics (more Monte Carlo con-
figurations) than in standard calculations of the energy
per particle. As a consequence, the uncertainties on the
AFDMC-CP estimates for the spin-orbit term are not '
1/✏ larger than those of the energy per particle.

Fig. 7 displays the energy per particle of the NV2-Ia,
NV2-Ib, NV2-IIa, and NV2-IIb potentials as computed
within the di↵erent many-body methods and their poly-
nomial fit using the expression of Eq. (47). The pic-
ture that emerges is fully consistent with the one already
discussed for the AV80 and AV18 interactions. Look-
ing at the values listed in Table II, it is apparent that
AFDMC-CP calculations su↵er from a substantial sys-
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• Model dependence of the EOS at two-body 
level; AFDMC-UC calcula*ons 

• The max spread between AV18, NV2-IIa/IIb (fit 
to higher NN scabering data) is ~4 MeV per 
par*cle at  

• Including NV2-Ia/Ib (fit to lower NN scabering 
data) the max spread is ~9MeV per par*cle at 

ρ = 2ρ0

ρ = 2ρ0

MP et al. Phys. Rev. C 101, 045801 (2020)

Model dependence very large in NV2+3 models: work in progress!


Multi-messenger Astronomy: EoS of Pure Neutron Matter



: measured valuesoi
: calculated valuesti
: uncertainty observables�oi

Least-square objective function for a set of observables 

a⇤ = min
a

�2(a)

�2(a) =
NdataX

i=1

⇣oi � ti(a)

�oi

⌘2

Bayesian parameter estimation:

• Assumptions are made explicit (e.g. 
naturalness of LECs, truncation errors)

pr(a|Data, I)/ pr(Data|a, I)⇥ pr(a|I)

posterior likelihood prior
/ e��2(a)/2

} } }

“Conventional” least-square minimization:

�oi• Take       to be the experimental error 
(or same modification to take into 
account  theoretical errors) 

• Many optimization techniques suitable 
for this problem such as POUNDers, 
Newtons Methods,….

• UQ addressed as: Covariance 
methods, Bootstrapping, standard 
prescription truncation error, cutoff 
dependence,….

• over/under-fitting parameters,..

• Parameter estimation: conventional 
optimization recovered as special case

• Clear prescriptions for combining errors

• Particularly well suited for (any) EFT, but 
generally suited for theory errors

Optimization procedure for the LECs
• In EFT we inevitably end up with a model with parameters a* that we must fit to data



MCMC Implementation and its application
• With MCMC, we can efficiently sample the parameter space to extract the posterior distribu(on

• A general MCMC works by: 
1.ini(alize walkers in the parameter space 
2.propose a new loca(on for the walker to move to 
3.accept or reject the move based on the posterior of the current and proposed loca(ons 
4.repeat 2. And 3. un(l the walkers converge to the final posterior

(a) (b)

(c) (d) (e) (f) (g) (h) (i)(a) (b)

(c) (d) (e) (f) (g) (h) (i)

(a) (b)

(c) (d) (e) (f) (g) (h) (i)

vLO = vCI

LO
+ vEM

vNLO = vCI

LO
+ vCI

NLO
+ vCD

NLO
+ vEM

vN3LO = vCI

LO
+ vCI

NLO
+ vCI

N3LO
+ vCD

NLO
+ vCD

N3LO
+ vEM

2 LECs 8 LECs 15 LECs

• In order to get familiarity with MCMC , we choose (for now) to work with a simpler case: only local short-range 
interac(ons

• To do so, we: 
- are using our exis(ng codes wriden in Fortran to calculate the likelihood from NN scadering data 
- are using a pre-wriden MCMC package for the fieng: emcee package in Python 
- are using f2py to convert Fortan into a Python module



Results at NLO: Joint Probability Projections

• This fit includes NN scadering data up to 15 MeV lab energy (∽770 np 
and pp data mostly cross sec(ons) 

• Cutoff for the Gaussian regulator Rs= 2 fm 
• The mean values for each parameters give 𝛘2/datum ∽1.6 
• Piece of code to sample the pdfs is in progress

Experiment RS = 2 fm
1app -7.8063(26) -7.7545

-7.8016(29)
1rpp 2.794(14) 2.667

2.773(14)
1ann -18.90(40) -17.22
1rnn 2.75(11) 2.79
1anp -23.740(20) -23.741
1rnp 2.77(5) 2.74
3anp 5.419(7) 5.424
3rnp 1.753(8) 1.820

Bd (MeV) 2.224575(9) 2.224218
⌘ 0.0256(4) 0.0357

PD (%) 4.34

Preliminary

J.Bub, MP, S.Pastore in progress 



• We are testing our models of NN+3N interactions with Δ-isobar based on chiral EFT 
framework in both light-nuclei and infinite nuclear matter

• We mainly focus our attention on studying static and dynamic properties of nuclei up to 
A=12 and EoS of infinite neutron matter

• Particularly emphasis needs to be devoted to the 3N force; the formulation we have is 
too simplistic if we want to have a good descriptions of spectra, properties of light-nuclei, 
infinite nuclear matter, three-body observables with a certain degree of accuracy

• We are working on improvements of our nuclear models using Bayesian analysis tools to 
better access theoretical error estimation 

• With the current Delta-full chiral interactions/currents we are planning to investigate 
muon capture, neutrino scattering, neutrinoless double beta decay, beta-decays for A>10

• We are working on constructing a coherent picture of lepton-nucleus interactions with 
particular focus on neutrino-nucleus scattering in a wide rage of energy and momenta

• Inclusion of the present Delta-full 3N in calculations of infinite nucleonic matter; sensitivity 
studies of the EoS 

Conclusion/Outlook


